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 .We give the derivation algebra Der H and the holomorph h H of the finite
dimensional Heisenberg algebra H over the complex field C. We also give the
 .  .  .derivation algebra Der h H of h H . We prove that Der H is a simple complete
 .Lie algebra, h H is not a complete Lie algebra, but its derivation algebra
 .Der h H is a simple complete Lie algebra. Q 1996 Academic Press, Inc.
1. INTRODUCTION
A Lie algebra L is called a complete Lie algebra, if L satisfies the two
conditions
C L s 0, .
Der L s ad L .
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It is well known that semisimple Lie algebras over field of characteristic 0,
the Borel subalgebras, and the parabolic subalgebras of complex semisim-
w xple Lie algebras are complete Lie algebras. It has been proved in 1 that
the holomorph of an abelian Lie algebra over the complex field C is a
complete Lie algebra. A complete Lie algebra is called a simple complete
w xLie algebra if not any of its non-trivial ideals are complete. In 3]5 , D. J.
Meng has proved that any finite dimensional complete Lie algebra can be
decomposed into the direct sum of simple complete ideals, and the
w xdecomposition is unique up to the order of the ideals. In 5, 6 some
complete Lie algebras with commutative nilpotent radical and other com-
plete Lie algebras whose nilpotent radicals are the direct sum of abelian
Lie algebras and Heisenberg algebras have been given. Up to now,
however, there are a great deal of complete Lie algebras unknown. So,
looking for complete Lie algebras is still an important task.
Heisenberg algebras play an important role in physics. In this paper, we
give the derivation algebra and the holomorph of the Heisenberg algebra
 .  .H. We prove that Der H and Derh H are simple complete Lie algebras.
Therefore, we obtain two important classes of complete Lie algebras.
Throughout the paper, we always discuss finite dimensional Lie algebras
over the complex field C.
2. THE DERIVATION ALGEBRA OF HEISENBERG
ALGEBRA H
The definition of a Heisenberg algebra is not unique. We adopt the
following definition:
DEFINITION 2.1. A Lie algebra H is called a Heisenberg algebra, if it
satisfies the following two conditions:
w x1 H , H s C H 2.1 .  .  .
2 dim C H s 1. 2.2 .  .  .
 .  .From 2.2 , we know C H s Cc, where c is a nonzero central element
of H.
 .By 2.1 , there is an anti-symmetric bilinear C-valued form c on H such
that
w xx , y s c x , y c x , y g H . 2.3 .  .  .
 .From 2.3 , we deduce that
<Cc s c9 g H c x , c9 s 0, for all x g H . 2.4 4 .  .
Thus we obtain immediately the following results.
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LEMMA 2.1. Let H be a Heisenberg algebra of dimension l and c the
central element described abo¨e. Let c be the associated antisymmetric
bilinear form. Then
 .1 The rank of c is l y 1 and l y 1 s 2n is an e¨en number.
 .  42 There exists a basis x , x , . . . , x , c of H such that the matrix of1 2 2 n
c relati¨ e to this basis is
0 E 0n
M c s , 2.5 .  .yE 0 0n
0 0 0
where E is unit matrix of order n.n
Let A be a linear transformation of H. Denote still by A the matrix of
 4  .  .A relative to the basis x , x , . . . , x , c . Then A is a 2n q 1 = 2n q 11 2 2 n
 .  .matrix. Let e be the 2n q 1 = 2n q 1 matrix which is 1 in i, j-entryi j
and 0 everywhere else.
LEMMA 2.2. D g Der H if and only if
M N 0
P yM9 q lE 0D s , 2.6n  .
B B l1 2
 .where N9 s N, P9 s P. 2.7
Proof. D g Der H if and only if
w x w x w xD x , y s Dx , y s x , Dy , ,
i.e.,
c x , y Dc s c Dx , y q c x , Dy c. .  .  . .
This implies that Dc s lc, l g C. Therefore D g Der H if and only if
lM c s D9M c q M c D. 2.8 .  .  .  .
 .The lemma follows from 2.8 .
We set
I s diag E , E , 2 , .0 n n
P s e i s 1, 2, . . . , 2n , .i 2 nq1, i
2n
r s C I , r s C P ,0 0 n i
is1
¡ ¦M N 0
n=n~ ¥s s N9 s N , P9 s P g C .P yM9 0¢ § /0 0 0
THEOREM 2.1. Der H is a simple complete Lie algebra.
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Proof. It is clear that
Der H s s q r q r 2.9 .0 n
 .and s is isomorphic to the simple Lie algebra sp 2n, C . Note that the
 .space r is isomorphic to the natural representation of sp 2n, C onn
2n = 1 matrices by matrix multiplication, so r is an irreducible s-mod-n
w xule. By Theorem 8.6 of 5 , Der H is a complete Lie algebra.
Let h denote the Cartan subalgebra of diagonal matrices in s. Then0
relative to the adjoint action of h on Der H, the weights are the roots of0
s together with 0, and "e , i s 1, 2, . . . , n, where e denotes the projectioni i
of a diagonal matrix onto its i, i-entry. Thus every weight space of Der H
associated with nonzero weight is one-dimensional. Now take a proper
ideal E of Der H. It must decompose into weight spaces relative to h . If0
one of those nonzero weights is a root, then E must contain s , hence
s q r also. Otherwise the weights of E are 0 or some "e 's. By then i
irreducibility of r , it follows that E s r or E s r q r . This says thatn n n 0
the proper ideals of Der H are s [ r , r [ r , r , none of which aren n 0 n
complete. The theorem is proved.
Actually, r is the inner derivation algebra of H. H is s q r -modulen 0
and is the direct sum of submodules H and Cc. Here H is the subspace1 1
of H generated by elements x , x , . . . , x . Furthermore, we have the1 2 2 n
following result.
<THEOREM 2.2. ad is a module-isomorphism from H to r .H 1 n1
Proof. It is easy to deduce that
ad x s P i F n , .i nqi
ad x s yP i F n . .nq i i
<Hence ad is a linear isomorphism from H to r .H 1 n1
 .For D g s q r , x g H , we have D x g H and0 1 1
w xD , ad x s ad D x . .
The theorem holds.
3. THE HOLOMORPH OF HEISENBERG ALGEBRA H
Let us recall the definition of the holomorph of a Lie algebra L . Let L
be a Lie algebra. Set
Çh L s L q Der L . 3.1 .  .
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 .Define the bracket in h L by
w x w x w xx q D , y q E s x , y q Dy y Ex q D , E , 3.2 .
 .where x, y g L , D, E g Der L . It is easy to prove that h L is a Lie
algebra which is called the holomorph of L .
 .  .By 2.9 , the holomorph h H of the Heisenberg algebra H has the
decomposition of direct sum of subspaces:
h H s s q r q r q H q Cc. . 0 n 1
For convenience sake, we denote by L the holomorph of the Heisenberg
algebra H. Set
ak s e y e y e y e , i s 1, 2, . . . , n y 1; .i i i nqi , nqi iq1, iq1 nqiq1, nqiq1
ak s e y e .n nn 2 n , 2 n
k  .  4 UThen a g h i s 1, 2, . . . , n . Let a , a , . . . , a : h be such thati 0 1 2 n 0
2 y1 0 ??? 0 0 0
y1 2 y1 ??? 0 0 0n
ka a s .??? ??? ??? ??? ??? ??? ??? . /i j i , js1
0 0 0 ??? y1 2 y1
0 0 0 ??? 0 y2 2
 4Then a , a , . . . , a is a simple root system of s. Denote by D the root1 2 n 0
system of s. For a g D , a can be extended to the linear function on0
h s h q r by setting0 0
<a s 0.r 0
Set a k s I and let a g h* be such thatnq1 0 nq1
a ak s y1, a ak s 0, j s 2, . . . , n , .  .nq1 1 nq1 j
a a k s 1. .nq1 nq1
 k k k 4  4Then a , a , . . . , a and a , a , . . . , a are bases of h and h*,1 2 nq1 1 2 nq1
respectively. Set
iy1
b s a , b s b q a i s 2, . . . , n , .1 nq1 i 1 j
js1
b s b q a q ??? qa q 2a q ??? q2a q anq i 1 1 iy1 i ny1 n
i s 1, . . . , n y 1 , .
b s b q a q ??? qa .2 n 1 1 n
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Then we have
 .LEMMA 3.1. 1 h is a Cartan subalgebra of L .
 .  .  .2 dim L s 1 i s 1, 2, . . . , n , 3.3" a i
L s C P q C x , L s C P q C x i s 1, 2, . . . , n , 3.4 .  .b i nqi b nqi ii nq i
L s 0 i s 1, 2, . . . , 2n , 3.5 .  .  .yb i
L s Cc, 3.6 .b qb1 nq1
 < w x  . 4where L s x g L h, x s a h x, for all h g h .a
 .  43 L s h q L , where D s D j b , . . . , b , b q b . a 0 1 2 n 1 nq1
agD
 .  < 44 r and L i s 1, 2, . . . , n q 1 generate L .0 " a i
 .  .LEMMA 3.2. The centre of L is zero, i.e., C L s 0 .
Proof. By Lemma 3.1, L has a decomposition into weight spaces with
 .respect to ad h . The center C L of L must be in the zero weight space,0
hence in r q Cc q h . But nothing in there commutes with all elements0 0
 .of L , so C L s 0.
 w x.  .LEMMA 3.3 cf. 6 . Let D g Der L be such that D h : h. Then
D h s 0 , .  .
D L : L , for all a g D .a a
 .LEMMA 3.4. Let D g Der L be such that D h : h. Then
 .  .1 De s l e , De s yl e i s 1, 2, . . . , n .a a a ya a yai i i i i i
 .2 If Dx s l x , DP s l P , thennq1 nq1 nq1 1 1 1
l s l , De s l e , for all e g L ,1 nq1 a 1 a a anq 1 nq1 nq1 nq1
and there exists h g h such that0
D s ad h .0
 .Proof. Part 1 follows from Lemma 3.3 and the fact that s is semi-
simple.
Assume that
Dx s l x , DP s l P , De s le .nq1 nq1 nq1 1 1 1 1, nq1 1, nq1
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Then
w xDx s D e , x s l q l x , .1 1, nq1 nq1 nq1 1
w xDP s D P , e s l q l P . .nq1 1 1, nq1 1 nq1
On the other hand, we have
w xDc s D P , x s l q l q l c, .1 1 1 nq1
w xDc s D x , x s l q 2l c, .1 nq1 nq1
so
l s l .1 nq1
As the dimension of L is 2, for all e g L we havea a anq 1 nq1 nq1
De s l e .a 1 anq 1 nq1
 4Since a , a , . . . , a is a basis of h*, there exists a unique h g h such1 2 nq1 0
that
l s a h i s 1, 2, . . . , n , l s a h . 3.7 .  .  .  .a i 0 1 nq1 0i
Hence we have
De s h , e i s 1, 2, . . . , n q 1 , 3.8 .  .a 0 ai i
De s h , e i s 1, 2, . . . , n . 3.9 .  .ya 0 yai i
 .  .  < 4By 3.3 ] 3.9 and the fact that r and L i s 1, 2, . . . , n q 1 gener-0 " a i
 .ate L , for e g L a g D we havea a
w xDe s a h e s h , e . .a 0 a 0 a
 .This proves 2 .
THEOREM 3.1. The holomorph of the Heisenberg algebra H is not a
complete Lie algebra.
Proof. Define a linear transformation D of L by0
<D s 0,sqr0 0
D x s P , D x s yP i s 1, 2, . . . , n , .0 i nqi 0 nqi i
D P s 2 P j s 1, 2, . . . , 2n , .0 j j
D c s 2c.0
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It is easy to check that D is a derivation of L . Since H is an ideal of L0
 .and 0 / D H : r , D is an outer derivation of L .0 1 n 0
 .LEMMA 3.5. Let D g Der L be such that D h : h. Then
D s D q lD ,1 0
where D g ad L , l g C.1
 .  .  .Proof. By Lemma 3.3, we know D h s 0 and D L : L a g D .a a
w x  .Since s is simple and s , r s 0 , for a g D and e g L we have0 0 a a
De g Ce .a a
We can assume that
De s l e , Dx s l x q l P ,i , nqi i i , nqi i 1 i i 2 i nqi
Dx s l x q l P , DP s m x q m P ,nq i 1, nqi nqi 2, nqi i i 1 i nqi 2 i i
DP s m x q m P i s 1, 2, . . . , n . .nq i 1, nqi i 2, nqi nqi
Note that
w x w x w xD x , x s D P , x s D P , x s Dc,i nqi i i nqi nqi
w x w xD P , P s 0, D e , P s yDP ,i nqi i , nqi i nqi
w xD e , x s Dx .i , nqi nqi i
We deduce that
m s m s 0, l s l q l , 3.10 .1 i 1, nqi 1 i i 1, nqi
l s yl , m q l s m i s 1, 2, . . . , n . 3.11 .  .2 i 2, nqi 2 i i 2, nqi
Note also that
w xe y e , x s x ,i , iq1 nqiq1, nqi iq1 i
w xe y e , P s P ,i , iq1 nqiq1, nqi nqiq1 nqi
so
l s l s ??? s l s l. 3.12 .21 22 2 n
 .  .From 3.10 ] 3.12 , we have
Dx s l q l x q lP , 3.13 .  .i i 1, nqi i nqi
Dx s l x y lP , 3.14 .nq i 1, nqi nqi i
DP s m P , DP s l q m P . 3.15 .  .i 2 i i nqi i 2 i nqi
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Set
D s D y lD .1 0
 .  .  .Then D g Der L and D h : h. By 3.13 ] 3.15 and Lemma 3.4, there1 1
exists h g h such that0
D s ad h .1 0
The lemma holds.
 w x.LEMMA 3.6 Cf. 6 . Let D g Der L . Then for h g h we ha¨e
Dh s h9 q a h x , . a
agD
where x g L and is independent of h.a a
THEOREM 3.2. Der L s ad L q C D .0
Proof. Let D be a derivation of L . By Lemma 3.6, for h g h we have
Dh s h9 q a h x . . a
agD
Therefore
D9 s D q ad x g Der L a
agD
 .and D9 h : h. By Lemma 3.5, we have
D9 s ad h q lD ,0 0
where h g h , l g C. Hence0
D s ad h y x q lD .0 a 0 /
agD
This proves the theorem.
4. THE SIMPLE COMPLETE LIE ALGEBRA Der L
Theorem 3.1 points out L is not a complete Lie algebra. In this section,
we will prove that the derivation algebra of L is a simple complete Lie
algebra.
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LEMMA 4.1. Set
L s L q C D .1 0
Define the bracket in L by1
w x w xx q l D , y q l D s x , y q l D y y l D x .1 0 2 0 1 0 2 0
Then L is a Lie algebra and is isomorphic to Der L .1
LEMMA 4.2. h s h q C D is a Cartan subalgebra of L and h is1 0 1 1
commutati¨ e.
LEMMA 4.3. The centre of L is zero.1
 .  .Proof. This follows from Lemma 4.1 and the fact that C L s 0 .
 k k k 4  4Let a , a , . . . , a and a , a , . . . , a be as above. Then1 2 nq1 1 2 nq1
 4a , a , . . . , a can be extended to functions on h by setting1 2 nq1 1
<a s 0 i s 1, 2, . . . , n q 1 . .C Di 0
Set
a k s D .nq2 0
 k k k 4 UThen a , a , . . . , a is a basis of h . Let a g h be such that1 2 nq2 1 nq2 1
< <a s a , a D s 2. .h hnq2 nq1 nq2 0
 4 UThen a , a , . . . , a is a basis of h , and1 2 nq2 1
L s L i s 1, 2, . . . , n , .1, a ai i
L s C 2 x q P , L s C P . .1, a nq1 1 1, a 1nq 1 nq2
w xLEMMA 4.4. L and h satisfy the conditions of Theorem 3.3 of 6 , so1 1
L is a complete Lie algebra.1
THEOREM 4.1. Der L is a simple complete Lie algebra.
Proof. By Lemma 4.4, we know that L is a complete Lie algebra.1
Suppose that L can be decomposed into the direct sum of two complete1
ideals L and L , then11 12
w xL s L [ L , L , L s 0 . .1 11 12 11 12
It is clear that L has a weight space decomposition with respect to ad h .1 1
Note that for a g D , the weight space L is one-dimensional, so L : L0 a a 11
or L : L . Thus we can assume that s : L , hence r , H : L also.a 12 11 n 11
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Thus we have
L : C D q r .12 0 0
 .Hence L is commutative. If L / 0 , then L is not complete, so12 12 12
 .L s 0 . This proves that L is indecomposable, so L is a simple12 1 1
complete Lie algebra. By Lemma 4.1, Der L is simple complete.
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